A colored eulerian digraph is an eulerian digraph G where a color is assigned to the tail of each edge and a color is assigned to the head of each edge. A compatible circuit is an eulerian circuit such that for every two consecutive edges uv and vw of the circuit, the color of the head of uv is different from the color of the tail of vw. Let S 3 be the set of vertices of outdegree and indegree three that have exactly three colors on the incident edges where each color appears on exactly one incoming and exactly one outgoing edge. In this paper we consider graphs where all the vertices are in S 3 . We show that in several special cases we can determine if a graph has a compatible circuit. Our characterization in these cases give rise to a polynomial-time algorithm that determines the existence of a compatible circuit and provides a compatible circuit if one exists.
Introduction
Eulerian circuits have many applications in routing problems, but in practice there are often additional restrictions on the allowed turns. In our previous paper [?] we use edge colorings to model forbidden turns by seeking an eulerian circuit with no monochromatic transitions. Our work was motivated by applications by UPS and other delivery services that avoid U-turns and left turns to save time and reduce accidents [?, ?, ?] .
A colored eulerian digraph is an eulerian digraph G where a color is assigned to the tail of each edge and a color is assigned to the head of each edge. Note that this coloring need not be proper, and the head and tail of an edge can be assigned the same color or different colors. See the graph G in Figure ? ? for an example. A compatible circuit is an eulerian circuit such that for every two consecutive edges uv and vw of the circuit, the color of the head of uv is different from the color of the tail of vw.
Fleischner and Fulmek [?] gave sufficient conditions for the existence of a compatible circuit when the number of colors at each vertex is large, and Isaak [?] gave stronger sufficient conditions. In our previous paper [?] we gave necessary and sufficient conditions for the existence of a compatible circuit when the colored eulerian digraph G avoided certain vertices of outdegree three.
Let S 3 denote the set of vertices v of G where v has outdegree (and indegree) three and exactly three colors appear on the incident edges of v where each color appears on the head of exactly one incoming edge and the tail of exactly one outgoing edge. If S 3 is empty for the colored eulerian digraph G, then our previous paper gives a characterization of whether G has a compatible circuit. However our previous approach does not handle the case when S 3 is nonempty.
In this paper we study colored eulerian digraphs with all vertices in S 3 . Although this situation is a very restricted case, the structure is surprisingly interesting. Similar to our previous approach, we construct auxiliary graphs and show that certain connected subgraphs in the auxiliary graphs imply the existence of a compatible circuit. We also use the auxiliary graphs to derive necessary conditions that show at least half of the edge colorings of an eulerian digraph do not have a compatible circuit. For the specific classes of doubled cubic graphs and planar digraphs where the faces are oriented cycles, we characterize the existence of a compatible circuit. Our characterization gives a polynomial-time algorithm to decide if a digraph from these classes has a compatible circuit, and the algorithm produces a compatible circuit if it exists.
Several related problems have previously been studied. Kotzig [?] gave necessary and sufficient conditions for the existence of a compatible circuit in colored eulerian undirected graphs. In an important application, Pevzner [?] used compatible circuits in undirected graphs to reconstruct DNA from its segments. Fleischner and Jackson studied a related, but different, notion of compatible circuits in eulerian digraphs and graphs. Fleischner and Jackson [?] showed that an eulerian digraph of minimum degree 2k has a set S of k/2 − 1 eulerian tours such that each pair of adjacent edges of D is consecutive in at most one tour of S. Jackson [?] studied a variation of the problem for graphs by considering restricting certain transitions and found sufficient conditions for the existence of a compatible circuit.
This paper is organized as follows. In Section ?? we provide an overview of the problem and known previous results. Section ?? includes the construction of the auxiliary graphs we consider throughout the paper. Section ?? proves that for any colored eulerian digraph where all the vertices are in S 3 , over half the edgecolorings do not have a compatible circuit. In Sections ?? and ?? we consider certain colored eulerian digraphs where all the vertices are in S 3 and provide a complete characterization when such digraphs have a compatible circuit. Section ?? provides a polynomial time algorithm for determining and finding a compatible circuit for the families of eulerian digraphs considered in the previous sections. Finally in Section ?? we close with some open questions.
Preliminaries
In this section we introduce the basic definitions and give a short overview of the results from our previous paper [?] where we give necessary and sufficient conditions for when a colored eulerian digraph has a compatible circuit when there are no S 3 vertices.
Throughout the paper we let G be an eulerian digraph with a fixed edge coloring φ (incident edges may have the same color), where the head and tail of each edge may have different colors. We refer to G as a colored eulerian digraph. Let φ denote the edge-coloring and for a directed edge uv, we write φ(uv) = (a, b) where a is the color of the tail and b is the color of the head. A monochromatic transition is two consecutive edges in a walk of G where the head of the first edge is the same color as the tail of the second edge. A compatible circuit of G is an eulerian circuit with no monochromatic transitions. The goal is to determine when a colored eulerian digraph has a compatible circuit.
In this paper we consider the version where the head and tail of an edge can receive different colors since we eventually will only consider digraphs where all the vertices are in S 3 . This version is equivalent to the version where each edge is given a single color by subdividing certain edges. In our previous paper we considered the version where each edge is given a single color.
For a vertex v ∈ V (G) let E + (v) denote the set of outgoing edges incident to v and E − (v) denote the set of incoming edges incident to v. For each vertex v define C − i (v) denote the set of edges coming into v with head color i, and C + i (v) denote the set of edges coming out of v with tail color i. The color class i is the set of edges
. We refer to the sets C 1 (v), . . . , C k (v) as the color classes of v. Let γ(v) denote the size of the largest color class of v. By the Pigeonhole Principle if γ(v) > deg + (v) for any vertex v ∈ V (G), then G does not have a compatible circuit. Therefore we can assume γ(v) ≤ deg + (v) for all vertices v ∈ V (G). Let S 3 denote the set of vertices in G of outdegree three (and indegree three) that has three color classes, where each color class includes exactly one incoming and one outgoing edge.
The paper [?] provides a characterization for when a graph G has a compatible circuit when there are no vertices in S 3 . We construct auxiliary graphs by replacing certain vertices with several new vertices, but maintain the same edges of the graph. The auxiliary graphs model barriers caused by monochromatic transitions that can forbid the existence of a compatible circuit.
Theorem 1 (Carraher and Hartke [?]).
A colored eulerian digraph G where there are no vertices in S 3 has a compatible circuit if and only if the appropriate auxiliary graph H G has a certain type of connected subgraph.
Our previous approach fails when S 3 is not empty. The natural question is what happens when a colored eulerian digraph has vertices in S 3 . This paper focuses on the special case when all the vertices of G belong to S 3 . The approach of the paper is similar in spirit to the previous paper by constructing auxiliary graphs and looking for certain types of subgraphs in the auxiliary graphs. Our results are not for the most general case, but show that the characterization for when a colored eulerian digraph with S 3 vertices has a compatible circuit is more difficult.
Graphs with all vertices in S 3
Throughout the rest of the paper we consider colored eulerian digraphs where all the vertices are in S 3 . Up to renaming colors, we can assume that G is edge-colored using the colors 1, 2 and 3. We are interested in which colorings of G have a compatible circuit and which coloring fail to have a compatible circuit when all the vertices of G are in S 3 .
An eulerian circuit can be thought of as both a sequence of pair-wise incident edges in G, or as a collection of transitions at each vertex. First we introduce a formal definition of a transition.
Definition 2.
A transition at v is a pair of incident edges at v consisting of one incoming edge and one outgoing edge. We write evh for a transition at v, where e is an incoming edge into v and h is an outgoing edge leaving v. A transition system at v is a collection of transitions at v, where each edge incident to v is in exactly one transition. A transition system of G is a collection of transition systems at v for all vertices v in V (G). A transition system of G can be thought of as a function f : E(G) → E(G) that assigns an incoming edge e at v to an outgoing edge h at v, where evh is a transition in the transition system of G. We refer to such a function as a transition function.
A transition system determines a circuit decomposition of the graph G and vice versa. In particular every eulerian circuit T corresponds to a transition system of G, and hence we speak of the transitions of T .
Definition 3.
A pseudocompatible circuit is an eulerian circuit T of a colored eulerian digraph G with all vertices in S 3 , such that whenever there is a monochromatic transition e 1 vh 1 centered at a vertex v, the other transitions e 2 vh 2 and e 3 vh 3 at v are also monochromatic transitions of T .
A pseudocompatible circuit is a weakening of the notion of a compatible circuit, but as we see in the following lemma there is a strong connection between the existence of a compatible circuit and a pseudocompatible circuit.
Lemma 4. Let G be a colored eulerian digraph with a pseudocompatible circuit T . Then G has a compatible circuit.
Proof. The proof is by induction on the number of monochromatic transitions k in T . When k = 0, T is a compatible circuit.
Suppose k > 0. Let v be a vertex where all the transitions of T at v are monochromatic. An eulerian circuit T determines a matching between E + (v) and E − (v) by considering the segments of the eulerian circuit between successive appearances of v in T . We refer to these segments as excursions.
Since v has outdegree three there are exactly three excursions S 1 , S 2 , and S 3 . Suppose S 1 , S 2 , and S 3 appear in this order in T . Then consider the eulerian circuit T formed by following the excursions in the order S 1 , S 3 , S 2 . The new circuit T has all the same excursions as T , except at the vertex v where T has no monochromatic transitions.
Let G be an eulerian digraph with an edge coloring φ, and let v be a fixed vertex. We want to understand when changing only the colors of the tails of the outgoing edges of v maintains the property that G has a compatible circuit. Let φ denote the new coloring obtained by changing the colors of the tails of the outgoing edges of v. For v to be in S 3 in φ , there is a permutation of the colors 1, 2 and 3 describing how to change the colors on the tails of the outgoing edges at v. The symmetric group on three elements describes the different ways to apply this type of permutation.
The symmetric group on three elements is isomorphic to the dihedral group of the triangle. We write S 3 = {id, ρ 1 , ρ 2 , τ 1 , τ 2 , τ 3 } for the symmetric group on {1, 2, 3}, where ρ 1 and ρ 2 are the elements of order 3 (rotations of the triangle) and τ 1 , τ 2 , and τ 3 are the elements of order 2 (reflections of the triangle). The following notation is inspired by the dihedral group of the triangle.
Definition 5. Let Γ = {id, ρ 1 , ρ 2 } be the subgroup of size three in S 3 . A rotation of φ at v is a new edge-coloring φ of G where all the edges have the same color except the tails of the edges outgoing from v are recolored by applying a fixed element of Γ.
Let N = {τ 1 , τ 2 , τ 3 } be the set of permutations in the symmetric group with exactly one fixed point. A reflection of φ at v is a new edge-coloring φ of G where all the edges have the same color except the tails of the edges outgoing from v are recolored by applying a fixed element of N .
Suppose we fix some permutation σ ∈ S 3 and some vertex v in G, and recolor the heads of the incoming edges incident to v and the tails of the outgoing edges incident to v according to σ to obtain a new edge coloring φ . Note that v has the same monochromatic transitions for both the edge colorings φ and φ , so the existence or nonexistence of a compatible circuit is preserved under permuting the colors incident to a vertex.
Observation 6. Up to recoloring edges incident to a vertex v, we can assume the head of the incoming edges for each coloring are the same for all edge colorings. Throughout the rest of the chapter we assume that the color of the head of each edge is fixed. Thus two colorings differ only on the color on the tails of the edges.
The next lemma shows that the existence of a compatible circuit is also preserved when rotating the edge coloring at a vertex.
Lemma 7. Let G be a colored eulerian digraph where every vertex is in S 3 . Let φ be the starting edge coloring of G, v be an arbitrary vertex of G, and φ be the edge coloring of G by applying a rotation of φ at v. Then G has a compatible circuit with edge coloring φ if and only if G has a compatible circuit with edge coloring φ .
Proof. Since rotations are invertible, we need only prove one direction of the statement. Let T be a compatible circuit of G with edge coloring φ. We claim that T is a pseudocompatible circuit of G with edge coloring φ . Clearly T has no monochromatic transitions at vertices w = v.
Since T is a compatible circuit for φ, the edges incoming to v with heads colored 1, 2, and 3 in φ are matched to the outgoing edges with tail colors 2, 3, and 1 respectively; or 3, 2, 1 respectively. By applying a rotation at v to obtain φ , the incoming edges with heads colored 1, 2, and 3 are matched to the outgoing edges with tail colors, 1, 2, and 3 respectively; 2, 3, and 1 respectively; or 3, 2, 1 respectively. Thus for φ , the circuit T either has three monochromatic transitions at v or none.
Given two edge colorings φ 1 and φ 2 of G (where φ 1 and φ 2 have the same color on the head of every edge), φ 1 can be transformed into φ 2 by applying a sequence of rotations and reflections. Lemma ?? shows that applying rotations preserves the existence (or nonexistence) of a compatible circuit. Therefore we can talk about classes of colorings, where the class of colorings either all have the property of having a compatible circuit or none of them have a compatible circuit.
Definition 8.
An equivalence class is a set of colorings of G, where φ 1 and φ 2 are in the same equivalence class if the edge-coloring φ 1 can be obtained from φ 2 by a set of rotations at the vertices of G.
All the colorings in an equivalence class either all have a compatible circuit or none of them have a compatible circuit by Lemma ??. Observe that each equivalence class has the same number of colorings.
Lemma 9.
There is a bijection between the equivalence classes and the subsets of vertices of G. Hence the number of equivalence classes is 2 n .
Proof. Let A i and A j be two different equivalence classes. Let φ 1 ∈ A i and φ 2 ∈ A j be two edge colorings. There is a series of reflections and rotations at vertices of G to transform φ 1 into φ 2 . Let S ij be the set of vertices that we introduced a reflection to φ 1 to obtain φ 2 . We argue that this set of vertices is the same for any representatives from A i and A j . Every coloring φ 3 ∈ A j differs from φ 2 by rotations at vertices. Composing a rotation by a rotation is a rotation, and composing a rotation with a reflection is a reflection. Thus the set of vertices we need to introduce reflection to transform φ 1 into φ 3 is the set of vertices S 12 . Similarly for any φ 4 ∈ A i differs from φ 1 by rotations at vertices, so φ 4 differ by reflection at the same set of vertices. Thus the set S ij is the same for any representatives from A i and A j .
Fix an equivalence class A 1 and a representative edge coloring φ ∈ A 1 . Let α A 1 be the function that maps the equivalence class A 1 to the empty set, and every other equivalence class A j to the set of vertices S 1j . The map α A 1 is injective, since any two equivalence classes that differ from A 1 on the same set of vertices by reflections differ by rotations at all the vertices, thus they belong to the same equivalence class. The map α A 1 is surjective, since given any set S of vertices, introduce reflections at each vertex v ∈ S gives a coloring in some equivalence class A j , with S 1j = S.
This lemma shows that moving from one equivalence class to another occurs by adding reflections at a subset of the vertices.
Throughout the rest of this section we consider building auxiliary graphs using transitions functions.
Definition 10. Let f be a transition function for a digraph G with all vertices in S 3 . For each vertex v, there are three transitions, e i vh i for i ∈ {1, 2, 3}. We form the graph G f by replacing each vertex v with three new vertices v i , where v i is incident only to the edges e i and h i . Note that G f is a collection of directed cycles that represents a circuit decomposition of G, and there is a natural bijection between the edges of G and
Define the component graph H G,f,φ to be the graph obtained from G f where the vertices of H G,f,φ are the components of G f , and for each vertex v ∈ V (G), there is an edge labeled v between vertices
. The 3-circuit with label v is the set of three edges labeled v in H G,f,φ . We often refer to a 3-circuit without being specific about which label it receives. Note that a 3-circuit may include loops or double edges.
We call a 3-circuit with label v dashed if exactly one of the transitions at v 1 , v 2 and v 3 in G f is monochromatic and the other two transitions are not. Every 3-circuit that is not dashed is called solid. Note that a solid 3-circuit either has no monochromatic transitions or three monochromatic transitions.
Our goal is to use the auxiliary graphs to determine when a colored eulerian digraph with all vertices in S 3 has a compatible circuit. Notice that the edge coloring φ does not change the construction of G f , and only determines if the 3-circuits are solid or dashed in H G,f,φ . In cases where we are working with a fixed edge coloring φ of G, we sometimes write H G,f instead of H G,f,φ . In fact any two colorings from the same equivalence class always give rise to the same component graph H G,f .
Lemma 11. Let φ 1 and φ 2 be two edge colorings in the same equivalence class and let f be any fixed transition function. Then H G,f,φ 1 and H G,f,φ 2 are the same graph.
Proof. Recall that in the construction of H G,f,φ , that the coloring φ only affects whether the 3-circuit is dashed or solid. Since φ 1 and φ 2 are in the same equivalence class they differ by rotations at each vertex. Therefore by definition of solid and dashed 3-circuits, all the 3-circuits in H G,f,φ 1 and H G,f,φ 2 agree.
Next we define several definitions that discuss what happens when we change the transition function. Recall that the symmetric group of three elements was given by S 3 = {id, ρ 1 , ρ 2 , τ 1 , τ 2 , τ 3 }, where id, ρ 1 , and ρ 2 are rotations and τ 1 , τ 2 , and τ 3 are reflections.
Definition 12. A rotation of f at v is a new transition function f where all the transitions remain the same except the transitions at v are reordered by some rotation.
A reflection of f at v is a new transition function f where all the transitions are the same except the transitions at v are reordered by some reflection.
Note that if f is obtained by a rotation of f at v, then the 3-circuit labeled v is either solid in both H G,f and H G,f , or dashed in both H G,f and H G,f . If f is formed by a reflection at v of f , then the 3-circuit labeled v is dashed in one of H G,f and H G,f , and solid in the other.
Definition 13. A 3-circuit traversal is a spanning connected subgraph E of H G,f such that there is exactly one edge from each dashed 3-circuit and for each solid 3-circuit either all or none of the edges in the 3-circuit are in E.
Suppose G has a pseudocompatible circuit T . We next define an important set of edges in H G,f that correspond to the pseudocompatible circuit T . Definition 14. Let T = e 1 , e 2 , . . . , e m be a pseudocompatible circuit in a colored eulerian digraph G with all vertices in S 3 . Let f T be the transition function given by f (e i ) = e i+1 for 1 ≤ i ≤ m − 1 and f (e m ) = e 1 . We refer to f T as the transition function given by T .
The set E T,f represents the transitions of f T that differ from f . Precisely, suppose f T (e i ) = f (e i ). Let v i be the head of e i and v j be the tail of f T (e i ) in G f , and note that v i and v j are distinct vertices. There is an edge x in H G,f corresponding to v i and v j in G f . Whenever f T (e i ) = f (e i ), we add the edge x to E T,f .
Lemma ?? below shows that given a pseudocompatible circuit T , the set E T,f is a 3-circuit traversal of H G,f . To help prove Lemma ?? we prove the following result that tells us some of the structure of E T,f .
Lemma 15. Let T be a pseudocompatible circuit and f be a transition function of G. Then for each dashed 3-circuit in H G,f there is exactly one edge in E T,f , and for each solid 3-circuit in H G,f either all or none of the edges in the 3-circuit are in E T,f . Proof. A 3-circuit is dashed if there is exactly one monochromatic transition. Since there is no vertex in T with exactly one monochromatic transition, this implies there is at least one edge from each dashed 3-circuit in E T,f . Checking the cases, we see that if there is more than one edge from a dashed 3-circuit, then T has exactly one monochromatic transition at the vertex v, but this contradicts that T is a pseudocompatible circuit.
In the case of a solid 3-circuit labeled v by checking cases we discover that having one or two edges of the solid 3-circuit in E T,f implies that T has exactly one monochromatic transition at v, which contradicts the fact that T is a pseudocompatible circuit.
By Lemma ?? it is enough to show that E T,f is connected to prove that E T,f is a 3-circuit traversal.
Lemma 16. Let T be a pseudocompatible circuit and f be a transition function of
Proof. By Lemma ?? there is exactly one edge from each dashed 3-circuit in E T,f and either all of none of the edges from each solid 3-circuit. Therefore we want to show that the subgraph with edge set E T,f is connected in H G,f . Since T visits all the edges of the graph G and G f , it visits all the components of G f . Each time the circuit T moves from one component D j to another component D k there is a corresponding edge in E T,f between the vertices D j and D k in H G,f . Thus the subgraph with edge set E T,f is connected.
The contrapositive of Lemma ?? tell us that if H G,f has no 3-circuit traversal, then G does not have a compatible circuit. The following lemma shows that we can determine in polynomial time whether H G,f has a 3-circuit traversal.
Lemma 17. There exists a polynomial time algorithm that determines if H G,f contains a 3-circuit traversal, and produces a 3-circuit traversal if one exists.
Proof. Let E denote all the edges in the solid 3-circuits in H G,f . Since a 3-circuit traversal can contain all the edges form each solid 3-circuit, we may as well assume that E is part of the 3-circuit traversal if it exists. Consider the subgraph of H G,f with edge set E. We let E denote both the edge set and the subgraph. If E is connected, then add an arbitrary edge from each dashed 3-circuit to obtain a 3-circuit traversal. If E is not connected, then form a new graph H E by identifying all the vertices in each component of E together into one vertex. The only edges between vertices in H E are the dashed 3-circuit edges. Determining if there is a 3-circuit traversal is now a question of it we can pick one edge from each dashed
The graph G has no compatible circuit, but choosing f to match monochromatic edges together gives rise to H G,f that clearly has a 3-circuit traversal.
3-circuit such that the spanning subgraph is connected. This is precisely a problem of finding a rainbow spanning tree in H E , which can be done in polynomial time (see [?] ). A rainbow spanning tree is a spanning tree in an edge-colored graph where all the edges have different colors.
Lemma ?? shows there is a map M from pseudocompatible circuits to 3-circuit traversals in H G,f given by mapping T to E T,f . We make two important observations about the map M . First, the map M is not surjective, as not every 3-circuit traversal necessarily has a corresponding pseudocompatible circuit. Figure ? ? gives an example of a graph where H G,f has a 3-circuit traversal but G has no pseudocompatible circuit. Second, there can be several compatible circuits T and T where E T,f and E T ,f are the same 3-circuit traversal, so this mapping is not injective.
One important open question is whether given a graph G with no compatible circuit is there some choice for f such that H G,f does not have a 3-circuit traversal. If some transition function f always exists and can be found in polynomial time, then the problem of determining if a graph has a compatible circuit is in co-NP.
Next we define a more restrictive class of 3-circuit traversals that are contained in the image of the map M , and hence if they exist can be used to find a compatible circuit.
Definition 18. A 3-circuit tree traversal is a spanning connected subgraph E of H G,f such that E is a 3-circuit traversal and the only cycles in the subgraph with edge set E are triangles where all the edges of each triangle have the same label. Note that such a triangle is a solid 3-circuit.
The existence of a 3-circuit tree traversal in H G,f is a sufficient condition for a colored eulerian digraph G to have a compatible circuit.
The following technical lemma gives us a way to switch edges between two strong components to create one strong component. The proof is straightforward and is omitted.
Lemma
Proof. By Lemma ?? it is enough to show that G has a pseudocompatible circuit.
Let E be a 3-circuit tree traversal of H G,f . We proceed by induction on the number of vertices in H G,f , which we denote by k. When k = 1, G f has exactly one component. There are no dashed 3-circuits in H G,f , otherwise E would contain a loop and not be a 3-circuit tree traversal. Since all the 3-circuits are solid, the transitions at each vertex v are all nonmonochromatic, or they all are monochromatic. Thus the one component of G f is a directed cycle that corresponds to a pseudocompatible circuit in G.
Now suppose k > 1 and there is an edge with label v in E. We consider two cases based on if the 3-circuit with label v is dashed or solid.
In the case the 3-circuit labeled v is dashed there is exactly one edge e in E with label v. The edge e is a bridge in E, so in G f there are vertices v i in component D k and v j in component D , where k = . Suppose e 1 v i h 1 and e 2 v j h 2 are transitions in G f . Let f be a new transition function that has all the same transitions as f , except replaces e 1 v i h 1 and e 2 v j h 2 with e 1 v i h 2 and e 2 v j h 1 . By Lemma ?? the graph G f has one less component than G f . The graph H G,f can be obtained from H G,f by identifying the vertices D k and D and changing the 3-circuit labeled v from dashed to solid. Therefore E − {g}, where g is the edge with label v, is a 3-circuit tree traversal of H G,f . By induction, since H G,f has a 3-circuit tree traversal this implies that G has a pseudocompatible circuit.
In the case when the 3-circuit labeled v is solid there are three edges with label v in E that form a triangle. Suppose e 1 v 1 h 1 , e 2 v 2 h 2 , and e 2 v 3 h 3 are the transitions in f . Since the 3-circuit labeled v is a triangle, the vertices v 1 , v 2 , and v 3 are all in different components of G f . Form a new transition function by replacing the above three transitions with e 1 v 1 h 2 , e 2 v 2 h 3 , and e 3 v 3 h 1 . By Lemma ?? the graph G f has fewer components than G f . The graph G f can be obtained from G f by identifying
The graph G has a compatible circuit, but for the choice of f the graph H G,f does not have a 3-circuit tree traversal.
the three components containing v 1 , v 2 , and v 3 . Thus H G,f has two fewer vertices, then H G,f . The set E − {g 1 , g 2 , g 3 }, where g 1 , g 2 , and g 3 are the edges of the 3-circuit with label v, is a 3-circuit tree traversal of H G,f . By induction, since H G,f has a 3-circuit tree traversal this implies that G has a pseudocompatible circuit.
Lemma ?? shows that if we can find an appropriate function f such that H G,f has a 3-circuit tree traversal, then we know G has a compatible circuit. Not every choice of f gives rise to an appropriate transition function. Figure ?? gives an example of a graph G that has a compatible circuit, but H G,f does not contain a 3-circuit tree traversal. If G has a compatible circuit T , then there is an appropriate choice for a transition function, namely f T . The component graph H G,f T has exactly one vertex and n solid 3-circuits, and so has a trivial 3-circuit tree traversal. The problem is finding a choice for f such that H G,f has a 3-circuit tree traversal. In general it remains an open question of how to find such a function f .However, for some families of digraphs we can find an appropriate function f as discussed in the sections below.
In the next sections we investigate specific functions f for certain colored eulerian digraphs G, and in many instances provide conditions for when a compatible circuit exists or does not exist in G.
Half of the equivalence classes do not have a compatible circuit
In this section we consider a graph G with an edge-coloring where all the vertices are in S 3 . We show that at least half the colorings fail to have compatible circuits. Recall from the previous section that there are 2 n equivalence classes of edgecolorings. We will show that for at least 2 n−1 of the equivalence classes, the edgecolorings in those equivalence classes do not have compatible circuits.
Let φ be an edge-coloring of G. Let f φ be the transition function that maps each directed edge e i to h i , where e i vh i is a monochromatic transition, i.e. the color on the head of e i is the same as the tail color of h i . Since each vertex is in S 3 this is a well defined map. The auxiliary graphs G f φ and H G,f φ can be used to show that certain edge-colorings of G do not have a compatible circuit.
Lemma 21. Let G be an edge-colored eulerian digraph, where each vertex is in S 3 . Let f be a transition function where every 3-circuit in H G,f is solid, and let v be a fixed vertex of G. Let f and f be the two transition functions obtained from f by applying the two nontrivial rotations to f at v. The number of vertices in H G,f , H G,f , and H G,f all have the same parity.
Proof. The proof is broken up into cases based on how many of the vertices v 1 , v 2 , and v 3 are in the same component. Suppose f has transitions e 1 v 1 h 1 , e 2 v 2 h 2 , and e 3 v 3 h 3 ; f has transitions e 1 v 1 h 2 , e 2 v 2 h 3 , and e 3 v 3 h 1 ; and f has transitions e 1 v 1 h 3 , e 2 v 2 h 1 , and e 3 v 3 h 2 .
Note that is is enough to show that the number of components in G f , G f , and G f have the same parity.
Case 1: The vertices v 1 , v 2 and v 3 are all in the same component. Up to renaming assume v 1 , v 2 and v 3 appear in this order in the component D k in G f . We see that G f reorders the directed cycle D k and has the same number of components as G f , and G f splits D k into three components. In either case the number of components in G f , G f , and G f have the same parity.
Case 2: The vertices v 1 , v 2 and v 3 are all in different components. Let P i denote the path from h i to e i . The graph G f combines the three components in G f into one component given by P 1 P 2 P 3 , and G f combines the three components in G f into one component given by P 1 P 3 P 2 . Again the number of components in G f , G f , and G f have the same parity.
Case 3: Two of the vertices are in the same component and the other vertex is in a different component.
Without loss of generality assume v 1 and v 2 are in the component D k and v 3 is in D , where k = in G f . Let P 1 denote the path from h 1 to e 2 , P 2 be the path from h 2 to e 1 , and P 3 be the path from h 3 to e 3 in G f .
The graph G f replaces D k and D with the two components given by P 1 P 3 and P 2 , and the graph G f replaces D k and D with the two components given by P 1 and P 2 P 3 . So the graphs G f , G f , and G f all have the same number of components.
Lemma 22. Let G be an edge-colored eulerian digraph, where each vertex is in S 3 . If the number of vertices in H G,f φ is even, then G does not have a compatible circuit.
Recall that the number of vertices in H G,f φ is the number of components in G f φ .
Proof. Suppose that G has a compatible circuit T . We know that f T is a transition function and H G,f T has one component with all solid 3-circuits.
The transitions in f φ and f T differ at each vertex by a rotation. By Lemma ?? the number of vertices in H G,f φ and H G,f T must have the same parity. However H G,f φ has an even number of vertices and H G,f T has one vertex, giving a contradiction.
Next we consider what happens to the parity of the number of components of G f φ when we apply a reflection to the edge coloring φ of G to obtain a new coloring φ .
Lemma 23. Let G have edge coloring φ and G have edge coloring φ , where φ is obtained from φ by adding a reflection at v for some vertex v ∈ V (G). The number of components in G f φ and G f φ have different parity.
Note that G f φ is obtained from the graph G with edge coloring φ, and G f φ is obtained from G with edge coloring φ .
Proof. Suppose that e i v i h i are the transitions in f φ given in G f φ at the vertex v. We can obtain the transition function f φ from f φ by adding a reflection of f φ at v. We consider the specific reflection that replaces the following transitions in G f φ e 1 v 1 h 1 , e 2 v 2 h 2 , and e 3 v 3 h 3 with the following transitions in G I e 1 v 1 h 2 , e 2 v 2 h 1 , and e 3 v 3 h 3 . Note that because of the reflection in of colors in φ , all the transitions are described above are monochromatic. The other two reflections have a similar proof.
The proof is broken up into cases based on whether the vertices v 1 , v 2 and v 3 are in the same or different components. In each case we show that the number of components of G f φ and G f φ always differ by one.
Case 1: The vertices v 1 , v 2 and v 3 are all in the same component. Without loss of generality the vertices v 1 , v 2 and v 3 appear in this order in the components D k in G I . Let P i denote the path from v i to v i+1 , where addition is modulo three. We can obtain G f φ from G f φ by replacing the component D k with the components P 1 and P 2 P 3 .
Case 2: The vertices v 1 , v 2 and v 3 are all in different components. Let P i denote the path from h i to e i . The graph G f φ can be obtained from G f φ by replacing the three components with the two components given by P 1 P 2 and P 3 .
First consider the case when v 1 and v 2 are in the same component D k in G I . We can obtain G f φ from G f φ by replacing D k with the two components P 1 and P 2 , where P 1 is the path from v 1 to v 2 and P 2 is the path from v 2 to v 1 . Next we consider the case when v 1 and v 2 are in different components. Up to renaming we can assume v 1 and v 3 are in the same component D k and v 2 is in D in G f φ . Let P 1 be the path from h 1 to e 3 , P 2 be the path from h 2 to e 2 , and P 3 be the path from h 3 to e 1 . The graph G f φ can be obtained from G f φ by replacing D k and D with the single component
This proves that the parities of the number of components in G f φ and G f φ is always different.
Combining Lemmas ?? and ?? we can prove that at least half the edge-colorings of G do not have a compatible circuit.
Corollary 24. For every eulerian digraph G, where all vertices are in S 3 , at least half the equivalence classes do not have the property of having a edge coloring with a compatible circuit.
Proof. Fix an edge coloring φ in equivalence class A 1 . We want to investigate how the parity of the number of components in G f φ changes by adding multiple reflections. By Lemma ?? we know that there is a bijection α A 1 between the number of reflections and each equivalence class. By Lemma ?? the edge colorings of the equivalence classes with an even number of reflections have the same parity of the number of components in G f φ as φ; and the equivalence classes with an odd number of reflection have a different parity of the number of components in G f φ .
Therefore half of the equivalence classes have an even number of components in G f φ , and by Lemma ?? none of the edge colorings in these equivalence classes have a compatible circuit.
Recall that each equivalence class has the same number of edge colorings. Corollary ?? proves that at least half the edge colorings of G, where all vertices are in S 3 , do not have a compatible circuit. There are graphs where exactly half the edge colorings have compatible circuits, but there are other examples where strictly fewer than half the edge colorings have a compatible circuit. Figure ? ? is an example of digraph where fewer than half the edge colorings have a compatible circuit.
In the next two sections we investigate several specific families of colored eulerian digraphs that give rise to examples with strictly fewer than half the edge colorings have a compatible circuit. In these sections we use certain structural properties of G to pick a specific transition function f , and show that the auxiliary graph H G,f must have a 3-circuit tree traversal. 
Digraphs obtained from cubic graphs
In this section we consider the family of eulerian digraphs obtained by taking a undirected loopless cubic graph F and creating a directed graph G by replacing each edge uv in F with directed edges uv and vu.
Consider the transition function γ that maps every edge uv to its antiparallel edge vu. The auxiliary graph G γ is composed of 2-cycles corresponding to each of the edges of the cubic graph F . The 3-circuits in G γ are in fact triangles, since vertices v 1 , v 2 , and v 3 can not be in the same components since F is loopless.
Theorem 25. Let G be a colored eulerian digraph obtained from a cubic graph F where all vertices are in S 3 in G. The digraph G has a compatible circuit if and only if the component graph H G,γ has a 3-circuit tree traversal.
Proof. (⇐) If H G,γ has a 3-circuit tree traversal, then G has a compatible circuit by Lemma ??.
(⇒) Suppose G has a compatible circuit. Our goal is to show that there is a compatible circuit T where E T,γ is in fact a 3-circuit tree traversal in H G,γ .
Out of all pseudocompatible circuits T of G, select the one where E T,γ has as few edges as possible. In a slight abuse of notation we let E T,γ denote both the 3-circuit Therefore D must be a hamiltonian cycle in H G,γ since E T,γ is connected. Since D is a hamiltonian cycle, fixing the transitions at all the components does not give rise to an eulerian circuit but two disconnected circuits, as shown in Figure ? ?. This contradicts that T is an eulerian circuit.
Thus D contains at least one edge from a solid 3-circuit. Up to renaming suppose that v is the label of a solid 3-circuit that appears between the components D k , D 1 and B, where B / ∈ {D 1 , D 2 , . . . , D k }. Suppose that e 1 vh 1 , e 2 vh 2 , and e 3 vh 3 are the transitions in γ at v. Note that up to renaming we can assume e 1 v 1 h 1 is in a component D 1 and e 2 v 2 h 2 is in a component D k in G γ . Let α be the transition function given by rotating the transitions of f T at v to obtain e i vh i . Note that the permutation applied at v is a rotation since the 3-circuit labeled v is solid. The transition function can not give rise to an eulerian circuit, since this would be a new psuedocompatible circuit T where E T ,γ has fewer edges than E T,γ . Thus the graph G α has at least two components. Since α differs from f T by a rotation, we know that G α must have three components and the solid 3-circuit labeled v is a triangle between the components. Let P 1 , P 2 , and P 3 be the components of G α . We will use the components P 1 , P 2 , and P 3 to find a new pseudocompatible circuit.
The transitions e i vh i are in both γ and α. We follow the circuit P 1 in the graph G γ , and in particular we are going to consider what happens in the components D 1 , D 2 , . . . , D k . The transition e 1 v 1 h 1 is in the component D 1 , so both of those edges are in P 1 .
Assume the edges in D i in G γ are in P 1 for some fixed i ≥ 1. If the edge from D i D i+1 is dashed in E T,γ , then the edges in the component D i+1 in G γ are also edges in P 1 , as shown in Figure ? ?. Next we consider the case when the edge D i D i+1 is solid. Let the 3-circuit containing D i D i+1 have label w. Since the 3-circuit labeled w is in E T,γ we know the transitions of γ at w are not the same as the transitions of f T and α at w. Therefore at least four of the edges in D i , D i+1 , and B are in P 1 , where B is a component containing a w j . Let u be the first vertex label of a solid 3-circuit where D i , D i+1 , and B have exactly four edges in P 1 and the other two edges are in P i for i ∈ {2, 3}. We know u must exist since D k contains e 2 v 2 h 2 which is a transition in P 2 .
Therefore two of the transitions of u are in P 1 and the other transition is in P i for i ∈ {2, 3}. Let α be the transition function obtained from α by rotating the transitions at u such that they agree with the transitions of γ. As we see in Figure  ? ? the graph G α has three components, and by changing the transitions at v to agree with the transitions of f T we obtain an eulerian circuit T .
The eulerian circuit T has all the same transitions as T except for the transitions at u. The 3-circuit traversal E T ,γ has fewer edges than E T,γ , since E T ,γ has all of the edges as E T,γ except the 3-circuit labeled u. This contradicts the minimality of T , which proves that E T,γ must have no nontrivial cycles.
Planar digraphs
Next we show that certain edge-colored planar digraphs have a compatible circuit if and only if the associated component graph H G,ψ has a 3-circuit tree traversal. Suppose G is an edge-colored planar eulerian digraph where all the vertices are in S 3 and each face is bounded by a directed circuit. (Since G can have cut vertices the boundary of a face may be a circuit and not a cycle.) A clockwise oriented face is an internal face if its bounding circuit is oriented clockwise, or the outer face whose bounding circuit is oriented counterclockwise. Similarly a counterclockwise oriented face is an internal face if its bounding circuit is oriented counterclockwise, or the outer face whose bounding circuit is oriented clockwise. Note that if G is considered as an undirected planar graph, the dual of G with this embedding is bipartite, where the clockwise oriented faces and counterclockwise oriented faces form the two parts.
Every edge e in G borders two distinct faces, one of which is oriented clockwise and the other counterclockwise. Let ψ be the transition function that maps the edge e to the edge f that follows e in the clockwise oriented face bordering e. Note that the components of the graph G ψ are the clockwise oriented faces of G. See Figure ? ? for an example.
Theorem 26. Let G be an edge-colored eulerian planar digraph where all the vertices are in S 3 and each face is bounded by a directed circuit. The digraph G has a compatible circuit if and only if the component graph H G,ψ has a 3-circuit tree traversal.
Proof. (⇐) If H G,ψ has a 3-circuit tree traversal, then G has a compatible circuit by Lemma ??.
(⇒) Suppose G has a compatible circuit. We create a new edge coloring φ from the edge coloring φ of G as follows. For every solid 3-circuit labeled v in H G,ψ , we rotate the colors on the tails of the outgoing edges of v such that the color of the head of each incoming edge is the same as the outgoing edge that does not share a face with the incoming edge, as in Figure ? ?. Note that with the edge coloring φ the only nonmonochromatic transitions either follow the clockwise or counterclockwise oriented faces at the vertices whose corresponding 3-circuits are solid in H G,ψ,φ .
Since φ differs from φ by rotations, Lemma ?? implies that G with edge coloring φ also has a compatible circuit. Lemma ?? shows that the graphs H G,ψ,φ and H G,ψ,φ are the same graph. We will show that there is a 3-circuit tree traversal in H G,ψ,φ , which implies H G,ψ,φ also has a 3-circuit tree traversal.
Choose T to be a compatible circuit of G with the edge coloring φ such that T minimizes the number of edges in the 3-circuit traversal E T,ψ in H G,ψ,φ . Notice that we are only considering compatible circuits and not pseudocompatible circuits. We claim that for this choice of T that E T,ψ is a 3-circuit tree traversal in H G,ψ,φ .
Suppose E T,ψ is not a 3-circuit tree traversal. Let D = D 1 D 2 . . . D k be the smallest cycle in E T,ψ that is not a solid 3-circuit. Let V (D) denote the set of vertices of G that appear as labels on the edges of D.
There exists a closed planar curve P that does not cross any edge (except at the endpoints) of the planar embedding of G, moves through the faces D 1 , D 2 , . . . , D k , and passes through each of the vertices in V (D). Note that there are edges both inside the region enclosed by P , and edges outside P , as shown in Figure ? ?.
We claim that the edges inside P and outside P are not connected in T , contradicting that T is an eulerian circuit. We say a transition evh crosses the curve P G H G,ψ G ψ Figure 8 : The vertex on the left corresponds to a solid 3-circuit, and the figure shows the curve P through the faces D i and D i+1 . The vertex on the right corresponds to a dashed 3-circuit, and again the figure shows the curve P . Notice that in both cases there is no transition in T that crosses P . if one of the edges e or h is inside the region enclosed by P and the other edge is outside P .
Consider the edge D i D i+1 with label v ∈ V (D) in the cycle D. Since each face is a directed circuit, the incoming and outgoing edges around each vertex alternate. Thus there is a counterclockwise oriented face B incident to v and is adjacent to both of the faces D i and D i+1 . We claim the two edges in G bordering the face B incident to v must form a transition in T . When the 3-circuit labeled v is dashed, the incoming edge into v adjacent to the face D i goes to the outgoing edge of v adjacent to the face D i+1 , and the incoming edge into v adjacent to the face D i+1 goes to the outgoing edge of v adjacent to D i . Therefore there is no transition across the curve P . When the 3-circuit labeled v is solid, the only nonmonochromatic transitions follow the clockwise oriented faces or follows the counterclockwise oriented faces, by how we choose the edge coloring φ . Since the solid 3-circuit labeled v is in E T,ψ the transitions follow the counterclockwise oriented faces, which implies there is no transition that crosses the curve P . See Figure ? ? for an illustration of these cases.
Since this argument holds for all v ∈ V (D), there is no transition in T that crosses P , and hence T cannot reach both the edges of G inside P and the edges outside P . This contradicts that T is an eulerian circuit, and thus the subgraph E T,ψ must not have any cycles.
7 Polynomial time algorithm to find a 3-circuit tree traversal
In this section we show that we can determine in polynomial time whether the auxiliary graph H G,f contains a 3-circuit tree traversal by considering spanning trees in a related 3-uniform hypergraph.
Definition 27. A cycle in a hypergraph H is a sequence of vertices and incident edges that start and end at the same vertex, i.e. v 1 , e 1 , v 2 , e 2 , . . . , v k = v 1 , where v i and v i+1 are vertices contained in the edge e i . A spanning tree of H is a connected spanning subgraph having no nontrivial cycles.
Lovász [?, ?] showed that there is a polynomial time algorithm to determine if a 3-uniform hypergraph has a spanning tree, and the algorithm provides a spanning tree if one exists.
There is a strong connection between spanning trees in 3-uniform hypergraphs and finding a 3-circuit tree traversal in H G,f . The following definition constructs a hypergraph H * G,f that is closely related to H G,f .
Definition 28. Let H G,f be the auxiliary graph for an edge-colored eulerian digraph G where all vertices are in S 3 , and let f be a transition function for G. Assume that H G,f has no dashed 3-circuit that consists of three loops. Let H * G,f be the hypergraph with vertex set V (H * G,f ) = V (H G,f ) ∪ {u v : the 3-circuit labeled v is dashed}, i.e. we add a vertex for each dashed 3-circuit. The edges of H are given as follows: for each solid 3-circuit in H G,f that is a triangle in H G,f , there is an edge in H * G,f ; for each dashed 3-circuit with label v between only two vertices x and y in H G,f , the hypergraph H * G,f has the edge xyu v ; and for each dashed 3-circuit with label v between three vertices x, y and z in H G,f , the hypergraph H * G,f has the edges xyu v , xzu v , and yzu v .
We make several observations about the hypergraph H * G,f . If H G,f has a dashed 3-circuit with three loops, then we immediately know that there is no 3-circuit tree traversal. The hypergraph H * G,f is defined only if H G,f does not contain a dashed 3-circuit that consists of three loops. Every solid 3-circuit not in a triangle is never an edge in a 3-circuit tree traversal, so those edges are ignored when forming H These results give rise to a polynomial time algorithm for determining if G has a compatible circuit when G for the eulerian digraphs discussed in Sections ?? and ??.
Algorithm
Input: A colored eulerian digraph G where all the vertices are in S 3 and G is either constructed from a cubic graph or a planar digraph where all the faces are directed cycles.
Output: Compatible circuit of G or a certificate which shows no such circuit exists.
Step 1: Construct the auxiliary graphs G f and H G,f , where f = γ if G is constructed from a cubic graph and f = ψ if G is a planar digraph where each face is a directed cycle.
Step 2: If there is a dashed 3-circuit with three loops, then H G,f can not have a 3-circuit tree traversal. Return H G,f and the dashed 3-circuit as a certificate. Otherwise, construct the 3-uniform hypergraph H * G,f from H G,f , and determine if H * G,f has a spanning tree T . If H * G,f does not have a spanning tree, then H is a certificate that G does not have a compatible circuit.
Step 3: If H * G,f has a spanning tree, then construct the corresponding 3-circuit tree traversal E.
Step 4: Changing transitions according to the 3-circuit tree traversal gives us a pseudocompatible circuit T . For each vertex that has three monochromatic transitions, we can rearrange the excursions to finally obtain a compatible circuit T .
Each of these steps can be completed in polynomial time. This provides a polynomial time algorithm for certain families of graphs where all the vertices are in S 3 . An open question is whether there is a polynomial time algorithm to determine if G has a compatible circuit when all the vertices are in S 3 .
Future work
Finally, we provide some open questions about compatible circuits in eulerian digraphs.
Question 1: Can we characterize which colored eulerian digraphs with all vertices in S 3 have a compatible circuit? We have a characterization for doubled cubic graphs and planar digraphs where the faces are directed cycles.
Question 2: Given a colored eulerian digraph G with all vertices in S 3 and no compatible circuit, is there some choice for f such that H G,f does not have a 3-circuit traversal? If some transition function f always exists, then the problem of determining if a digraph with all vertices in S 3 has a compatible circuit is in co-NP. 
